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1. Introduction 

The basic field k is an algebraic closed field of characteristic zero. Let g be a 
semisimple Lie algebra of finite dimension and let G be its adjoint group. Let b be 
a Borel subalgebra of g, f) a Cartan subalgebra of g contained in b and let Nq (f)) 
be the normalizer of () in G. Let denote by p a parabolic subalgebra of g containing 
b, [its reductive factor containing f), pu its nilpotent radical and P its normalizer 
in G. Let set: 

P^*^) := {ixi,...,Xk) €3^ \3geG such that {g (xi) , . . . , g (xk)) G p*^} , 
:= {{xi,...,Xk) e 3^ I 35 e G such that (g (xi) , . . . , g (xk)) G p^} . 

For X a G- variety, we denote by G Xp X the quotient of G x X under the right 
action of P given by {g,x) .p :— (^gp,p^^ .x^ . The main result of this note is the 
following theorem: 

Theorem 1. (i) Fork ^ 2, Gxpp'' is a desingularization ofV'^^^ . Moreover, V'^^^ 
is not normal. 

(ii) For k ^ 2, the canonical morphism G Xp pj, v'tt'^ is projective and fac- 
torizes through a desingularization of an affine variety X^''^ and the morphism 

pure in the sense of |2]. 

For p — b, this theorem is given in |3j, a joint work with J-Y. Charbonnel. More- 
over, in this case, Pu'^'* is normal and has a rational singularities. In fact, this note 
is the first step to a generalization of some results of [5]. 
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Let S (g) and S ((]) be the symmetric algebras of g and f) respectively and let 
S (t)) be the subalgebra of VF-invariant elements of S'(f)), where W is the Weyl 
group of Q with respect to f). In section 3, we use a variety xo introduced in [3], 
which is the closed subvariety of g x I) such that its algebra of regular functions 
^ [Xo] equals S (g) ®5(f,)W' S (f)), and we introduce the varieties x '■— Xo/ /Wi, where 
W( is the Weyl group of the Levi factor [ of p with respect to (]. We prove that 
G Xp p*^ is a desingularization of a subvariety x^''^ of x'^- 

In section 4, we introduce the variety X := SpecA and X'-'^^ a subvariety of 
X'', where A is the integral closure of the algebra of regular functions k [G (pu)] of 
G (pu) in the field of rational functions k (G Xp pu) of G Xp pu and we prove that 
G Xp pJi is a desingularization of X'-''\ 

2. Notations 

We consider the diagonal action of G on g*^'. Let TZ be the root system of f) in g 
and let 7?._|_ be the positive root system of TZ defined by b. The Weyl group of TZ 
is denoted by W and the basis of TZ+ is denoted by 11. Let il be the Richardson 
orbit of p and let p(j := n pu- Set: 

TZi -.^{aeTZ I g" C [} 

P- := t ® 0aeK+\7Ji 

Let Wi be the Weyl group of TZi and let P_ be the normalizer of p_ in G. Denote 
by L the identity component of the normalizer of [ in G and denote by Pu and P-,u 
the unipotent radicals of P and P_ respectively. We use the following notations: 

• All topological terms refer to the Zariski topology. For Y an open subset of 
the algebraic variety X, Y is called a big open subset if the codimension of 
X\y in X is at least 2. The algebra of regular functions on X is denoted by 
k[X]. When X is irreducible the field of rational functions on X is denoted 
byk(X). 

• if G X yl — > A is an action of G on the algebra A, denote by A'^ the 
subalgebra of the G-invariant elements of A, 

• for i = 1, . . . ,rkg, the 2-order polarizations of pi of bidegree {di — n,n), 
denoted by p'f'\ are the unique elements in (5'(g) ®c 5'(g))*^ satisfying the 
following relation 

di 

p.(ax + 6y)-^a'^-"6>f)(a:,2/), 

n=0 

for all a, & G C and for all (x, y) G g x g, 

• < ., . > is the Killing form of g, 

• for i G {1, . . . , rkg}, is the element of S'(g) ®c g defined by 

< ei{x),v >^p'-{x){v), yx,v G g, 

where Pi{x) is the differential of at x for all i G {1, . . .rkg}, 

• for i G {1, . . . , rkg} and for m G {0, . . . ,di — 1}, the 2-polarizations of £i 

of bidegree {di — m — 1,to) denoted by e|™^ are the unique elements in 
5'(g) ®c S{q) ®c satisfying the following relation 

di-l 

e,(ax + &y)- 5]a'^-"-i6"£(")(a;,y), 

n=0 
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for all a, 6 e C and {x, y) G fl x g, 

• for (a;, y) & Q x Q, Vx,y is the space generated by the set 

{e^™^ {x,y),iG{l,...rkQ},mG{0,...,di-l}], 

• flreg is the set of regular elements of g, 

• for a a subalgcbra of g, a^cg := a n flrog; 

• for x in 0, is the centralizer of x in G, 

• for a a subalgebra of g and for x in a, is the centralizer of x in a, 

• for (a;i, . . . , Xk) G fl'', P(xu...,xk) is the space of g generated by 

• t:i7 is the canonical morphism from p to I, 

• for a; in p, a; is the image of x by w, 

• fig := {(x, y) G fl X I Pa;,j,\ {0} C flreg and dimP^.j/ = 2}, 

• (e, /i, /) is a principal si2-triplet 

• for X an algebraic variety, Ox is its structural sheaf, k[X] is the algebra 
of regular functions on X and k.{X) is the field of rational functions on X 
when X is irreducible. 

The following Lemmas are well known: 

Lemma 2. Let P and Q be parabolic subgroups of G such that P is contained in 
Q. Let X be a Q -variety and let Y be a closed subset of X, invariant under P. 
Then Q.Y is a closed subset of X. Moreover, the canonical map from Q XpY to 
Q.Y is a projective morphism. 

Proof. Since P and Q are parabolic subgroups of G and since P is contained in Q, 
Q/P is a projective variety. Let denote by Q x p X and Q XpY the quotients of 
Q X X and Q xY under the right action of P given by {g, x).p :— {gp,p^^ .x). Let 
5 i-> g be the quotient map from Q to Q/P. Since X is a Q-variety, the map 

QxX ^ Q/P X X 
{g,x) {g,g.x) 

defines through the quotient an isomorphism from QxpX to Q/PxX. Since Y 
is a P-invariant closed subset of X, Q Xp F is a closed subset of Q x p X and its 
image by the above isomorphism equals Q/P x Q.Y. Hence Q.Y is a closed subset 
of X since Q/P is a projective variety. Prom the commutative diagram 

Q XpY ^ Q/P X Q.Y 




Q.Y 

one deduces that the map Q XpY ^ Q.Y is a projective morphism. □ 

Acknowledgements. I would like to thank Jean- Yves Charbonnel for his advice 
and help and for his rigorous attention to this work. 

3. On the variety V^'^^ 

3.1. On peirabolic subalgebreis. 

Lemma 3. Let a be an algebraic subalgebra of g. 

(i) Let suppose that a contains g^ for all x in a nonempty open subset of a and 
let suppose that Oreg is not empty. Then Vx^y is contained in a for all {x, y) in ax a. 
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(ii) Let suppose that a contains a Cartan subalgebra of q. Then Vx,y is contained 
in a for all (a;, y) in a x a. 

Proof, (i) By hypothesis, for all a; in a nonempty open subset of a, x is a regular 
element and is contained in a. So by [7J Theorem 9, ei (x) ,...,£; (x) belong to 
a for all x in a nonempty open subset of a and hence for all x in o by continuity. 

As a result, for all {x, y) in a x a, ^e^™'^ (x, y) , i £ {1, . . . , /} , m G {0, . . . , — 1}| 
is contained in a, whence the assertion. 

(ii) Let c be a Cartan subalgebra of g contained in a. Since a is an algebraic 
subalgebra of g, all semisimple element of a is conjugate under the adjoint group 
of a to an element of c. Hence for all regular semisimple element of g, belonging 
to o, g^ is contained in o. As a result, the assertion is a consequence of (i) since 
the subset of regular semisimple elements of g, belonging to a, is a nonempty open 
subset of a. □ 

Corollary 4. For all {x,y) in p xp, Vx,y is contained in p. In particular, for all 
{x,y) in a nonempty open subset ofbxb, Vx.y = fa. 

Proof. Since () is contained in p, for all (x,?/) in p x p, Vx^y is contained in p by 
Lemma[31 (ii). Since {h,e) belongs to ilg, fig n fa x fa is a nonempty open subset, 
whence the corollary. □ 

Lemma 5. Set: 

Rp ■■= {x e flrcg n p|n7 (x) G Ircg} 

i?; := {x G i?p I fl^npu = {0}}. 

(i) For all x in Rp, w {q^) = {™'^^) if and only if flpu — {0}. 

(ii) The subset R'^ is open in p. 

(Hi) For all (x, y) in p x p, Vx,y is contained in V^^^-^ ^^^^ + pu- 
(iv) For all {x,y) in R'^ x p, w{Vx,y) = y^(^),^(j^). 

Proof, (i) Let x be in Rp. By Lemma[2] (ii), g^ is a Cartan subalgebra contained in 
p. Since nj is a morphism of Lie algebra, w (g^) is contained in [■^(^). Furthermore, 
dimtu (g^) = rkg if and only if g^ Hpu = {0}, whence the assertion since [ has rank 
rkg. 

(ii) For X regular semisimple in p, g^ is a Cartan subalgebra contained in p. As a 
result, n pu — {0}. So by (i), Rp and R'p are not empty since for such a, x, w (x) 
is a regular semisimple element of [. The subset Rp of p is open since the subsets 
of regular elements of g and [ are open in g and I respectively. The map x H> g^ 
from Rp to the Grassmanian Grrkg (g) is regular. So R'p is an open subset of p. 

(iii) Let L[ be the submodule of elements <p of S ([) such that [lp (x) , x] =0, 
for all X in [. Then L[ is a free module of rank rkg according to [5J. Denote by 
ifi, . . . ,ifi a basis of Li and denote by Rp^i the subset of elements x of p such that 
w{x) is in [reg- According to [TU], [reg is a big open subset of [. So ii!p_i is a big 
open subset of p. For x in Rp \ and for i = 1, . . . , Z, tn o (x) belongs to [^(^). So 
there exists a unique element {ai,i (x) , . . . , Oi^i (x)) of k' such that 

tn o £j (x) = Ci.i (x) ipi o vj {x) + ■ ■ ■ + Oij (x) (fii o zu (x) . 

The functions a^^i, . . . ,ai,i so defined on i?pj have regular extensions to p since p 
is normal and since i?pj is a big open subset of p. As a result, for all (x,j/) in 
p X p and for all (a, 6) in k^, 137 o Si {ax + by) is a linear combination of the elements 
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ifi {ax + by) , . . . , ipi (ax + by). Hence, by [IJ, w (T4,y) is contained in V^(3,)^^(j^) for 
all (a;, in p x p, whence the assertion. 

(iv) Let {x,y) be in R'^ x p. For all z in a nonempty open subset of Px,y, z 
belongs to R'^ since x belongs to R'^. So by (i), I™*^^-' is contained in zu{Vx^y) for 
all 2 in a nonempty open subset of Px.y As a result, according to [T], V^f^^^ ^^^^ is 
contained in va (Vx^y). whence the assertion by (iii). □ 

Corollary 6. For all {x, y) infl^np x p, Vx^y = y^(x).,-uj(y) + Pu- 

Proof. Since (/i, e) belongs to p x p, fig fl p x p is a nonempty open subset of 
p X p. Let {x,y) be in VL^r\R'yX p. By Lemma E] (iv) , w {Vx^y) = V^(^),^(j^)- 
Furthermore, dimVj;^^ — bg since {x,y) belongs to fig. Hence pu is contained in 
Vx,y and dimV^j.^^ ^^^^ = b| since bg = b| + dimpu. According to Lemma |3] (ii), 
the map (x, y) i— J> Vx,y is a regular map from Og np x p to Grb^, (p). So for all (x, y) 
in fig n p X p, pu is contained in Vx^y and dimtu (T^^j^) — b[. Furthermore, since 
w{Vx,y) is contained in y^(^) j^(j^) by Lemma [S] (iii) and since dim V^^^^^^^^^ < b[, 

Vx,y = yi^(x),r^(y) + Pu- n 

Set: 

7^; := {a e 7e+ I fl" C Pu} . 

Let Pi, . . . , f3i be in H, let Si be the reflexion associated to /Si for alH e {1, . . . , /} 
and let / be the set of i e {1, . . . , /} such that /3i e TZ'^. 

Lemma 7. Let w be in W and let si . . . Sp be a reduced decomposition of w. 

(i) Ifw{n'^) C 11+, then w 6 Wi. 

(ii) Ifw(n\) CTZ+U TZi, then w G Wi. 

Proof, (i) We proceed by induction on the lenght of w denoted by / (w). For I {w) — 
1, w — Sj for some j G {1, . . . , I}. If j 6 /, then Sj {f3j) — but w {JV+) C TI+. 
Hence j ^ I and w £W\. Suppose the property true for I (w) ^ p — 1. If p G /, 

si . . . Sp-i {I3p) G -U+ 

since Sp {(5p) = —Pp. By Lemma 18.8.3, there exists (7 G {1, . . . ,p — 1} such that 

Sl . . . Sp = Sl . . . Sq-l.Sq+1 . . . Sp_l, 

so that I [w) ^ p. Hence p ^ I. Then Sp {71'+) = TZ'+ and 

si...sp_i (7^^) =w(7^V) c7^+. 

By induction hypothesis, 

si ... Sp_i G Wi. 

Hence w €Wi since Sp G whence the assertion. 

(ii) Let g^, be in Nq (!}) a representative of w. Since g^, (pu ® f)) is contained in 
p, it is contained in b' a Borel subalgebra contained in p, containing [). Then there 
exists w' G such that g^/ (b') = b, for some representative g^' of w' in A^g (f))- 
So gw'Qw (pu ffi f}) is contained in b and w'w (7^+) C 7?.+ . Hence, by (i), w'w G W^i, 
whence w € Wi since w' G □ 

Proposition 8. Let p and p' be two parabolic subalgebras of q such that pu is 
contained in p' . If p and p' are conjugate under G, then p=p'. 
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Proof. We suppose that p' — g(p), for some g in G. By Bmhat decomposition there 
exist u, 5 e B and w Cz W such that g — ugwb, where gu, is a representative of w in 
Ng (())• Since g{p) contains pu and since (pu) = pu, "5™ (p) and g^, (p) contains 
pu- Hence p contains g^^ (pu)- Then (^+) ^ ^+ U7?.[. Hence, by Lemma [7] 
(ii), w"^ 6 W^[, whence g^ g L and g G P. □ 

3.2. A desingularization of P^*^). We consider the action of P on G x p*^ given 

by 

p.{g,xi,...,Xk) = {gp~^,p{xi),...,p{xk)) . 
Let /ij, be the morphism from G x p*^ to defined by 

fj.'^{g,xu...,Xk) = {g{xi),...,g{xk)) 

and let fi^ be the morphism from G Xp p*^ to defined through the quotient by 
Aifc- Let 

P^'^) := {{xi,...,Xk) e q'' I 35 e G such that {g (xi) , . . . , g (xk)) £ p''} ■ 
Then V^'^^ is the image of G Xp p'^ by ^fc. 

Proposition 9. Lef fc ^ 2, i/ie variety G Xpp'^ is a desingularization of V^'^^ and 
^k is the desingularization morphism. The suhvariety 'P'-'^^ of is closed, but it is 
not normal. 

Proof. According to Lemma [21 ^k is a projective morphism and V'^^'^ is closed in 
q'^ since V^''^ is the image of G x p*^ by /i'^.. 

Since Slg is an open subset of g x g, ilg x g''^^ n T'*-*^-' is an open subset of V''^\ 
Let (xi, . . . , Xk) be in Jig x g*=^2 n p^''). Suppose that (xi, . . . , Xfc) € {g (p))'" for 
some g £ G. By CoroUarydl Vxx,x^ is contained in p and 5 (p) and by CorollarylHl 
Vxi,x2 contains pu and g (pu). Hence pu is contained in g (p). Then, by Proposition 
[i g(p) = p. Hence, for ah {xi,...,Xk) e x g'^-^ n | /li^^ {xi,...,Xk) \= 1, 

Whence p,k is a birational morphism. 

Let X be in [}i.og and let g be in G. Then 

g (x) G p ^ .g"^ (()) C p .g G Ac (f)) P. 

According to Lemma H (ii), Ng (t))P/P = W^^i so that | /i^^ (x, 0, . . . , 0) |> 1. 
Since /Ufc is proper and birational, if T't'^) would be normal, then by Zariski's main 
Theorem [8], a finite fiber of fik would have cardinality 1. So P'^'^^ is not normal. □ 

3.3. Let I//L be the categorical quotient of [ by L. Let xo be the closed subvariety 
of g X 1) such that k [xo] = S (g) (!^s{tj)"' i^) ^'^'^ X be equal to Xo/ /Wi. For 
a: G p, let ir G [ such that a; — a; G pu and let x be the image of x in [//L. 

Lemma 10. (i) Let x and x' be in prcg- If {x',x') is in G. {x,x), then x' is in 
V[x). 

(ii) For X in prog; G^ is contained in P. 
(Hi) The map 

e : P_^u X prog — X 

{g,x) I — {g{x),x) 

is an isomorphism onto an open subset of x- 
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Proof, (i) Let x and x' be in picg such that (x', a;') 6 G. (x, x) and let x = a;s + a;,! 
and x' = x^+a:^ be the Jordan decomposition of x and x' respectively. Since x = x' , 
there exists I in L such that is = I {x's), where Xs and x's are the semisimple 
components of x and a;' respectively. Then we can suppose that x^ = x's- The 
semisimple components a;^ and a;^ of x and x' are conjugate under P since they are 
conjugate to Xg under P. Then there exist p and p' in P such that p (xs) = p' {x!^ S 
f). Since p (xs) is a semisimple element, is a reductive algebra. Then png^^^^^ 

is a parabolic subalgebra of since it contains the Borel subalgebra b ng^^^^^ 

of gP(^s). Then p(a;„) and p' [x'^ are regular nilpotent elements in p n 
hence they are conjugate under the parabolic subgroup Q of Gp'^"' of Lie algebra 
ad (p n Hence p [x) and p' (a;') are conjugate under P. 

(ii) By [7] Proposition 14, G^ is connex since a; is regular . Moreover is 
contained in p since a; is in p. Hence G^ is contained in P. 

(iii) Let (g, a;) and (g', a;') be in P-,u x prog such that Q {g, x) — 9 {g' , x'). By (i), 
there exists p G P such that x' — p (x), then g^^g'p is in G^. Then, by (ii), g~^g' 
is in P_,u n P = {Ig}. Whence {g, x) = {g', x'). Since x is the categorical quotient 
of the variety xo by the finite subset W\ and since xo is normal, by [3] Lemma 3.1, 
X is a normal variety. Then, by Zariski's Main Theorem [S], is an isomorphism 
from P_.u X picg onto an open subset of x- D 

Corollary 11. There exists a birational morphism "i? from G Xp p to x such that 
/^i is the compound of d and the canonical projection from x to g. 

Proof. Let t9' be the morphism from G x p to x defined by {g, x) = [g (x) , a;) 
and let -d be the morphism from G Xp p to x defined by d' through the quo- 
tient. Let (a:,a:) be in x such that x in prog and let {gi,xi) be in G x p such that 
•d' {gi,xi) = {x,x) . Then {gi{xi),xy[) — {x,x) and {xi,lici) G G. (x,a;). Hence, 
by Lemma ITOl (i), there exists p G P such that xi = p{x). So gip{x) — x and 
gip G G^. By Lemma [TOl (ii), e P since x G prcg- Hence the restriction of i9 to 
G Xp prcg is injective, whence d is birational since it is surjective. □ 

3.4. Let 

CT^ : G X p'' x*" 
{g,xi,...,xk) i-^ {g {xi),...,g{xk),xT,---,xj:), 

where Xi is the image of Xi in [/ /L. Denote by Cfe the morphism from G Xp p'^ to 
X^ defined through the quotient by cr[,. Let x*'*^'' be the image of G Xp p*"' hy at 
and let prj^ j. be the canonical projection from x'^ onto pC^'). 

Proposition 12. (i) The varity G Xpp'' is a desingularization of x^^^ of morphism 

(ii)For X ~ {xi, . . . , Xfc, yi, . . . , yu) & X^*^^ such that Xi G grcg for some i , the 
fiber of Uk at x has one element. 

Proof, (i) Since /i^ = prj^ fc°f fe and since pk is a projective and birational morphism, 
cTfe is projective and birational. Then ctj, is a desingularization of x'''^-' since G Xpp*^ 
is a smooth variety. 

(ii) Let X be in x^'^' such that the first component of prj^ j, (x) is in flrcg- Let 
{g,xi, ...,Xk) and ig',x[, . . . ,a;'^) be in cr^:^ (a;) and let (g,xi, . ..,Xk) and {g\x[,. . .,x'^.) 
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be in C? X p'' representatives of (g, xi, . . . , Xk) and ((/', x[, . . . , x'j,) respectively. So 

(gixi) ,xT) = [g' (x[) ,x'^ , 

then 

{xi,xT) e G. {x\,x'^ . 
Hence, by Lemma [TUl (i), x'^ e P [xi). Then there exists p e P, such that 

g{xi) =g'p{xi). 

So 

g-^g'p&G^\ 

then by Lemma [TU] (ii) , 

g-ig'p e P 

since xi G prcg- Hence g^^g' G P and g (p) = (p), whence the assertion since ak 
is 6 fc-equi variant. □ 

Corollary 13. The variety x*-*^^ is an irreducible component of the inverse image 
ofp('''> m x^^'^- 

Proof. Let tt be the canonical projection from to . Since xo is finite, x — > g 
and TT are finite morphism. So 7r~^ (T-'^'^-'), x'*^^ T-''^'^^' have the same dimension, 
whence the corollary since x^'^^ is irreducible as an image of an irreducible variety. 

□ 

Proposition 14. Let <i> he the morphism from k[['"']'^ to k[x'''^''] defined by 
$ (P) (xi , . . . , Xfc , xT, . . . , x^) = P (xT, . . . , x^) , 

where P G Ik[['^']'^ and (xi, . . . ,Xk^xi, . . . ,Xk) G x'"'^''- Then <i> is an isomorphism 
from k[l'']^' onto k[x^''^]'^. 

Proof. Clearly the image of <i> is contained in k[x^'°-']'^ and $ is injective. Let Yk 
be equal cr'^ ({1} x p''). Let P be in k[x('')]'^ and let P be in k[['=]L' defined by 

P {xT, . . . ^ P {xi, . . . ,Xk,xT, . . . ,Xk) , 

where (xi, . . .,Xk,'xT, . . . G x*'''''- So 

Hence 

P = $ (P) 

since x'-'^-' = G.Yfc, whence $ is bijective. □ 
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3.5. We recall that 9 is the map 

P-.u X prog — > X 

{g,x) I — > {g{x),x). 

Proposition 15. Let 

Wk ■■= |(a;i, . . . ,Xk,yTi ■ ■ ■ ^Vk) e x'^'^^ | 3i G {1, . . . ,n} such that xt G grogj • 

(i) The subset Wk is a smooth open subset o/x'^'^'. 

(ii) The codimensions of x^^'' \ Wk in x^^^ ^.nd of G Xp (p'^ \ pr^ j, (Wfc)) in 
G Xp p'^ are at least k. 

(Hi) The restriction of ak to <t^^ {Wk) is an isomorphism onto Wk- 

Proof, (i) Let VF^ be the inverse image of 6 (P-,u x preg) by the projection 

^(k) y ^ 

(xi, . . . • ■ • I — > {xi,yi). 

By Lemma [TO] (iii) , the image of is an open set of x- Then W^. is an open subset 
of x^''^- 

Let (xi, . . . , Xfc) be in p*^ and let g be in G such that [g (xi) , ■ ■ ■ ,g (xt) ,'xT, ■ ■ ■ , Xk) 
is in W^.. Then xi is in prog and for some g' in P-,u and for some x'l in preg 



g. ixi,xi) = g'. (x'^^x'^'j 



By Lemma [TO] (i), there exists p G P such that x[ = p{xi). So g ^g'p is in G^^, 
since G^^ C P by Lemma [TO] (ii) . Hence g G P__uP- As a result, the map 

P_,, X Preg X p'^-l _ _ 

{g,xi,...,Xk) I — > {g{xi),...,g{xk),xi,...,Xk) 
is an isomorphism whose inverse is 

W;^ — > P-,u X preg X p'^-i 

(xi,...,Xk,m,---,yk) ' > {q,z,q^^{x2),...,q^'^{xk)) , 

with q and z are the first and the second components of {xi,yi). As a result, 
VF^ and CWj. are smooth open subsets of x''"'-', whence the assertion since x''^'' is 
©fe-invariant. 

(ii) By definition, G Xp (p*^ \ P^i k (Wk)) is contained in G Xp (p \prog)'^ and 
^(fe) \ is contained in the image of G Xp (p \ prog)*^ by ak- Then 

dimx*-*"^ \ T4^fc ^ dimG Xp (p \ prog)*" s% fcdimp + dimpu - k 
dimG Xp (p*= \ pr^ f. {Wk)) ^ dimG Xp (p \ prog)*^ ^ fcdimp + dimpu - k, 

whence the assertion since dimG Xp p*^ = diniT'*^'^'' = fcdimp + dimpu • 

(iii) By Proposition[T2l (ii) . the restriction of ak to cr^T^ {Wk) is bijective. Whence 
the assertion by Zariski Main Theorem ^ since Wk is a smooth open subset of x*-'^-* 
by (i). □ 
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4. On the variety Vn 

Recall that /ifc is the morphism from G x-p to g defined by the map 

(5, xi, . . . , xk) ^ [g {xi) ,...,g (xk)) 

from G X p*^ to q'' through the quotient. Let Tk be the restriction oi fit to G Xp 
and let 

ri''^ {{xi,...,Xk) e 0*^ I 3.9 G G such that {g (xi) , . . . , g (xk)) S p^} . 

4.1. Let k (G Xp pu) and k (G (pu)) be the fields of the rational functions of Gxppu 
and G (pu) respectively and let A be the integral closure of k [G (pu)] in k (G Xp pu). 

Lemma 16. The morphism ti is a projective morphism. Moreover, k (G Xppu) 
is an algebraic extension of finite degree o/k(G(pu)). 

Proof. According to Lemma [2l ri is a projective morphism. Since G (pu) is the 
image of G Xp pu by ri, ri induces an embedding from k (G (pu)) into k (G Xp pu). 
Hence k(Gxppu) is an algebraic extension of k(G(pu)) of finite degree since 
dimG Xp pu = dimG (pu). □ 

Let X — SpecA and let a be the morphism from X to G (pu) such that its 
comorphism is the canonical injection from k [G (pu)] into A. 

Proposition 17. There exists a unique morphism tx from Gxppu to X such that 
Ti = a o Tx. Moreover, G Xp is a desingularization of X of morphism tx . 

Proof. The variety G Xp pu is a smooth variety since it is a vector bundle over 
the smooth variety G/P. Identify k (G (pu)) with a subfield of k (G Xp pu) by the 
comorphism of ti. Let U be an affine open subset of G Xp pu. Then k [U] contains 
k [G (pu)] and the comorphism of the restriction map of ti to U is the canonical 
injection of k [G (pu)] in k [U]. Since [/ is a smooth variety, it is normal and k [U] 
is integrally closed in k(G Xp pu). Hence k[U] contains A. Then there exists a 
morphism tx,u from U to X such that its comorphism is the canonical injection of 
A in k[U]. For U' an affine open subset of G Xp pu, the restrictions of tx,u and 
Tx.u' on UnU' are equal since they have the same comorphism. Hence there exists 
a morphism tx from G Xp pu to X which extends tx.u for all affine open subset 
U and satisfies the equality ri = a o tx- The morphism tx is unique since its 
comorphism is the canonical injection from ^ to k (G Xp pu). Since k (G Xp pu) is 
the fraction field of A, tx is birational. Moreover, since ri is a projective morphism, 
Tx is too, whence the proposition. □ 

Denote by n the quotient map from G x pu to G Xp pu and denote by l the 
morphism from {1} x pu to X defined by l{1,x) = tx o k{1,x). Let X' be the 
image of {1} x p'^hy l and let S be the morphism from P_.u x X' to X defined by 
i5 (p, x) = p.x. 

Proposition 18. (i) For x e pu, the stabilizer of l (1, x) in G equals P n G^. 
(ii) The morphism S is an isomorphism onto an open subset of X . 
(Hi) Let g be in G and let x be in X' . If g(x) is in X' , then g is in P. 

Proof, (i) Let x be in p;^. Then, by g] Theorem 7.1.1, G^ and P n G^ have the 
same identity component. Then P n G^ is a subgroup of finite index of G'*-^'^^ 
and k(G/PnG^) is an algebraic extension k (G/G'*-^'^-*) of degree the index of 
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PnG"= in G"(i'^). Moreover, k (G/G"(i'"^)) is an algebraic extension of finite degree 
of a transcendental extension of k. Since tx is a birational morphism and since 
G.l(1^x) is an open subset of X. k (G/G"'-^^^-') and k (G xppu) are isomorphic. 
Since G Xp P {x) is an open subset of G Xp pu, k (G Xp p^) and k(G/P n G^) 
are isomorphic. So that k (G/G'*-^'^-*) and k(G/PnG^) are isomorphic. Hence 

Qi{i,x) ^ pnG^. 

(ii) Let {pi,xi) and {p2,X2) be in P_,u x X' such that pi.xi — P2-X2 and let x'l 
and X2 be in p'u such that t (1, x'l) — xi and i (1, x'2) — X2- Let g be in P such that 
x'2 = q {x'l). Then X2 = g.xi. So 

Pl.Xl = P2.X2 = P2q-Xl 

Pi^P2q e G^i = G'(i'^'i) =PnG<, 

by (i). So 

Pi^P2 e PnP_,u = {ifl} 

Pl = P2 =^ Xi = X2. 

Hence 5 is an injective morphism. Since X is a normal variety by definition, by 
Zariski's Main Theorem [5], i5 is an isomorphism onto an open subset of X. 

(iii) Let g £ G and let x € X' such that g {x) G X' . Then there exist 

xi, Vi e pu and p G P 

Such that 

x = l{1,xi), g.x = i{l,yi) and yi^p{xi). 

So 

g.L{l,xi) = g.x = i(l,yi) =p.i(l,xi) 
and then p^^g G G'^^'^^i^. Hence, by (i), 5 G P. □ 

Let Tjffc be the morphism from G*^ Xpt pjj to X'^ defined by 



Txk{xi, ...,xk)^ {tx {xi) ,...,TX {Xk)) , 
let Txik) be the restriction of Tx^ to G Xp pjj and let X*^*"'^ be the image of r^(fe). 
Proposition 19. Let 

Vk = \{xi,...Xk) G I 35 G G and i G {l,...,fc} such that g{xi) G P_,u (^')} • 

('ij T/ie subset Vk is a smooth open subset of X^'^^ 

(ii) There exists a canonical finite surjective morphism if from X^^^ to Vu'^^ . 

(iii) The codimension of X^'^^Vk in X^'^^ and the codimension o/Gxp(p(5 \ (Vfe)) 
m G Xp p(j are at least k. 

(iv) The restriction of Tx(k) to t~(\) {Vk) is an isomorphism onto Vk- 

Proof (i) Set Vl -.^ P_,u {X') x X^-^ n X'^^^ and 

V {(xi, . . . G {i ({1} X p^))'' I a (xi) G p^} . 

By Proposition [18] (ii), Vl is an open subset of X^*^-*. Let g E G and xi G J'C' such 
that g.xi G P-,u {X'). Then there exist 

gGP_,u, yiEX', x[,y[<Ep'^ and pGP 

such that 

g{xi)^q{yi), xi^t{l,x[), yi^t{l,y[) and y[^p{x[). 
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So 

g.L (1, x'l) = g.xi = q.i (1, yi) = gp.i (1, a;i) 
andp"^g^^5 G G'^^^""!). Hence, by Proposition [18] (i) , g G P-.uP- As a result 

(5,a;i,...,Xfe) I — > {g.xi,...,g.Xk) 
is an isomorphism whose inverse is given by 

Vk P-,u X V 

{xi,...,Xk) I — > {gi,yi,g^^.X2,...,gi^.Xk) , 

where (51,1/1) = S~-^ {xi). Hence and G.V^ are smooth open subsets ol X^''\ 
whence the assertion since X^''^ is ©^-invariant. 

(ii) The canonical projection a from X to G (pu) induces a morphism ip from 
XC'-) to ^ such that Tk ~ (p o Tx(k) ■ Since a is a finite morphism, ip is too and 
since is surjective, tp is too. 

(iii) By definition of Vk, X'-''^\Vk is contained in the image of G Xp (pu \ p^)*^ by 
Tx(k) and G Xp (p^ \ ip (Vk)) is contained in G Xp (pu \ p^) . Hence 



dimXW Wfc s$ dimG Xp (pu \pu)''' < (/c + l)dimpu - k 
dimGxp{p'^\(p{Vk)) s^dimGxp(Pu\pO^^ (fc + 1) dimpu - A:, 

whence the assertion since dimG xp pu = (fc + 1) dimpu- 

(iv) Let (1, zi, . . . , Xk) and {g,yi, . . . , yk) be in G x pu such that xi and yi are 
in Pu and 



Tx(M){l,xi,...,Xk) = Tx(k)ig,yi,. . . ,yk) G Vk, 



where (l,xi, . . . ,Xk) and ig,yi, ■ ■ ■ ,yk) are the images of (l,xi, . . . ,Xk) and {g,yi, ■ . . 
in G Xp Pu by the quotient map. Then there exists p G P such that yi — p (xi). So 

Tx o k(1,xi) = Tx o K{g,yi) = g.Tx o k (l,yi) = gp.Tx o k{1,xi) , 

then 

i{l,xi) = gp.L{l,xi) G X'. 



So, by Proposition [TH] (iii) , g G P and (1, xi, . . . , Xk) = (5, yi, . . . , j/fe). Hence the 
restriction of Tx(k) to T^^k) (Vk) is injective since Vk is ©^-invariant, whence the 
assertion by Zariski Main Theorem [S] since 14 is smooth open subset of X'-''^ by 
(i). □ 

Proposition 20. The variety G Xppu is a desingularization of X^'^^ of morphism 

TxW- 

Proof. Since G xpp'^u is a vector bundle on the smooth variety G/P, it is a smooth 
variety. According to Lemma[21 Tk is a projective morphism then Txm is too since 
Tk = ip o Tx(k). Hence, by Proposition [12] (iv), G Xp pu is a desingularization of 
XW. □ 
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4.2. Let X be in and let (G^)o be the neutral component of G^. The canonical 
map G/G^ -5- G/ (G^)o induces an embedding of k [G (pu)] into k (G/ (G^)o). Let 
C be the integral closure of k [G (pu)] in k (G/ (G"^)p). 

Proposition 21. fij T/ie field k{G/ {G^)q) is a Galois extension of the field 

k (G/G^') of Galois group T = G"'/ (G"^)^. 

('izj r/ie subalgebra C is invariant under the action ofT and k [G (pu)^] is the set 
of fixed points by F in C, where G(pu)n normalization o/G (pu). 

Proof, (i) Since k(G/(G^)o)^ = k(G/G^), k(G/(G^)o) is a Galois extension of 
Galois groupe T. 

(ii) Since k [G (pu)] is invariant under the action of F, C is too. Moreover, 

k [G (pu)n] is contained in k(G(pu)) = k(G/G'^) the set of fixed points of F in 
C. Let a be in C such that a is a fixed point by F. Then a is in k [G/G^). Hence a 
is in k [G (pu)n] since it is in C, whence the assertion. □ 

Proposition 22. (i) The field k(Gxpp^) is the field of rational fractions 
k (G xp pu) (ri, . . . , Tm) over k (G Xp pu), where m = dimp^"-^. Moreover, it is 

a suhfield ofk{G/ (G^)^) (ti, . . . ,t„). 

(ii) The field k ^T^u*^'^ is the set of fixed points ofT m k (G/ (G^)q) (ti, . . . , t^) 
under the trivial extension of its action on k (G/ {G^)^). 

Proof. (1) Since P-,u is isomorphic to an open subset of G/P and since 
G Xp p^ is a vector bundle over G/P, P-,u x p^ is isomorphic to an open sub- 
set of G Xp p^. Moreover, G Xp is a vector bundle over G Xp pu whose fibers 
are isomorphic to pu~^- Hence k (G xp p„) equals k (G xp pu) (n, . . . , r^), where 
m = dimpfj"^ So it is a subfield of k(G/ (G^)q) (n, . . .,Tm) since k(G/ (G^)o) is 
an extension ofk(Gxppu). 

(ii) Let TT be the first projection from vi'^^ n G (pu) x q''~^ to G(pu), let xi be 
in G(pu) and let z be in tt~^ (xi) such that it is a smooth point of vi''^ and tt 
is smooth at z. Then there exists a smooth affinc open subset O containing z in 

(k) 

Vn such that tto the restriction of tt to O is a submersion onto an open subset of 
G (pu). Hence the fiber of tto at tt (z) is an open subset of an afRne space. So the 
restrictions of the afiine coordinates ti, . . . , of this space to ttq^ (tt (2;)) are the 
restrictions of regular functions on O which we denote again n, . . . , r^. Let ip be 
the morphism defined by 

V' : O — > TT (O) X k'" 

y I — > {-K{y),Ti{y),...,Tm{y))- 

Then is a submersion at z. So, for all y in an open subset O' of O, containing z, 
the intersection of the kernels of the differential at y of the restrictions of ri , . . . , 
to i^7r(j/) the fiber of tt at tt (y) equals {0} so that ip is locally injective on F^^^yy Let 

A := {{x', x") G O' X O' I V {x') = ip {x")} 

and let Ao' be the diagonal of O' . Hence the dimension of AnF^^.y) x F^(^yi'^ is zero, 
for {y,y') in A. Then the dimensions of A and of O are equal. Hence Aq' is an 
irreducible component of A. Then there exists an open subset O" of O such that 
the restriction of ip to O" is injective. Hence k ^Pu*^^^ = k (G (pu)) (n, • • • , Tm), 
whence the assertion since k (G (pu)) = k (G/ (G^)q)'". □ 
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Let C''^-' be the integral closure of k 



ink(G/ (G-)o)[ti, 



and let 



Vk be the normalization of Vn 



(fe) 



Proposition 23. (^ij T/ie algebra 
(ii) The algebra k 



^-p^(fc)^ is i/ie set of fixed points ofV in C^^\ 

module. 



Proof, (i) Since 



{vi^^^ is a direct factor of C^'''^ as a k ^) 

is invariant under the action of F, C*^*^-* is too. Moreover, 
is contained in k (vi''^^ the set of fixed points of T in C^^). Let a be 
in C'-*^-' such that a is a fixed point by T. Then a is in k (^Vu'^^^ and it verify an 
equation of integral dependence on 



the assertion. 

(ii) Let <i> be the map 

c 



Hence a is in k 



7er 



whence 



Then $ is a projection from C'*^'^ onto k 



and c G C^''\ C^*^-* is the direct sum as 
and Mk := Ker$. 



by (i). Since {bc)'^ = 6c*, for 
module of 



p(k) 



□ 



Proposition 24. There exists a pure morphism ip in the sense of [5] from X^'^^ to 
(Vu^^^ such that ip = Vk ° ip- 

Proof. Since X^''^ is normal and since ip is surjective, there exists a morphism ^ 
from XC') to (vi''^^ such that = j^fe o -0 ( [6] , ch. H, Ex. 3.8). By Proposition 



X 



(fe) 



(fe: 



© Mfc n k 



Hence ^p is a pure morphism in the sense of [5]. 



□ 
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